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ABSTRACT. Virasoro constraints are applied to degree zero Gromov-Witten theory of weighted pro- 
jective stacks P(l, TV) and P(l, 1, N) to obtain formulas of descendant cyclic Hurwitz-Hodge inte- 
grals in higher genera. 



1. Introduction 

In [14] the general theory of Frobenius manifolds and Virasoro constraints (see e.g. AH, ifTTfl. 
ffT2l ) is applied to write down Virasoro constraints for orbifold Gromov-Witten theory. Following 
the ideaQ in the work |[T0l . Virasoro constraints are also applied to degree zero Gromov-Witten 
theory to deduce formulas for genus zero Hurwitz-Hodge integrals. In this paper we carry out the 
same idea in higher genus, that is, we derive formulas for higher genus descendant cyclic Hurwitz- 
Hodge integrals by applying Virasoro constraints to weighted projective stacks. Our main results, 
Theorems 13.2113.31 and Theorems I4.2l - I4.3l may be viewed as generalizations of the famous X g - 
theorem and Faber's intersection number conjecture. 

We closely follow the notations used in [14J. The readers are referred to lfT4l and references 
therein for notations, conventions, and general discussions on Gromov-Witten theory for Deligne- 
Mumford stacks and their Virasoro constraints. Stable maps to weighted projective stacks are 
discussed briefly in Section [21 The applications of Virasoro constraints to degree zero theory of 
weighted projective lines and planes are carried out in Sections [3] and |4] respectively. A brief dis- 
cussion on the dimension three case is given in Section[5l 

Acknowledgments. Both authors thank the organizers of the workshop Recent progress of the 
moduli of curves in Banff International Research Station, where part of this work was pursued. 

2. Degree zero twisted stable maps to weighted projective spaces 

In this section basics about degree zero twisted stable maps to weighted projective spaces will be 
discussed. 

Fix an integer N > 1 . Let 

d 

be the d-dimensional weighted projective stack with weights (1, 1, • - • ,1,N). There is a unique 
stacky point p — [0, ■ ■ • , 0, 1] on X with isotropy group the cyclic group Z N . We shall identify 7L N 
with the group of iV-th roots of unity. Put uo : = exp(^-^pi-). 
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Fix g > 1 throughout. Let / : C — > X be a degree zero genus g twisted stable map and 

(2.1) < r6 (C) -> tt^O*), 

be the associated monodromy representation. If (|2.1I) is nontrivial, then / must factor through 
p — B7j N . By representability, this happens when there are stacky points on C. Suppose the 
stack structure on the domain curve C is given by the following tuple of elements in (here 

ni, ■ ■ ■ ,n N -i e Z >0 ), 

(2.2) x = (lu, ■ ■ ■ , lu, lu 2 , • • • , lu 2 , ■ ■ ■ , of, ■ ■ ■ ,lu % ,■ ■ ■ , lu n ~ 1 , ■ ■ ■ , cj^ -1 ). 

m ri2 Wj "-jv-i 

Let C be the coarse curve of C. The morphism / is equivalent to an admissible Zjv-cover C — > C 
with monodromies specified by x. Let h denote the genus of C. 

Let Aig^+Sim (X, 0, x) be the moduli stack of degree zero genus g twisted stable maps / : C — > 
X to X with n non-stacky marked points and EjTij stacky marked points of type x. Let 

q : A< (^,0,x) -> 

be the forgetful map to the moduli space of genus (7 stable (n + S^j) -marked curves. Descendant 
classes on Ai n+ Y: ini (X , 0, x) are defined via pull-back, 

Degree zero descendent orbifold Gromov-Witten invariants of X are defined by 

(2.3) (r h ---r ln T kl ---T kSini )f := f 

J[M g , n+ ^, H (X,0,x)] v ' r 

Here r indicates descendant insertion from non-stacky marked points, and r indicates descendant 
insertion from stacky marked points. 

Let denote the line bundle over B7h N defined by the Zjy-representation C on which lu E Z N 
acts by multiplication by u. It can be seen from the definition of X that the normal bundle of 
B7h N C X is L® d . Let Ai 9: n+J2i ni(BZ, N , x) denote the moduli stack of genus g stable maps to 
£>Zjv with marked points of stack type x. Consider the universal diagram associated to stable maps 
to BZ N of stack type x: 

c ^pt 

v 

C >• BZ N 



M (BZjv,x). 

Let 7r = 7r o p : C — > A / i n +Y. i n i {B'LN , x) be the composite map. The Z^v-action on C induces an 
action on the dual of the Hodge bundle E v = R l ir*0. This yields the decomposition of E v into 
a;-eigenbundles: 

E v = E^ / ©E^©---©E^_ 1 . 
Following the convention in [4j, E^ is the eigen-bundle on which lu acts with eigenvalue lu\ 



VIRASORO CONSTRAINTS AND DESCENDANT HURWITZ-HODGE INTEGRALS 3 

It is easy to see that 

R 1 n m f*(L u ) = EZs- 1 ~E u . 
An analysis on obstruction theory yields 

(r h ■ ■ ■ r ln r kl ■ ■ ■ = [_ ■ • • ^e(E^_ x © ■ ■ ■ © E^_0 

(2.4) = [ ■■■^ ln i/; kl ■■■i[) k ^iXf i , 

where e is the Euler class and \ n the top Chern class of E w . The ranks n = ran/c(E a; ), r^-i = 
ranfc(E^jv-i) are easily calculated by Riemann-Roch, 

N-l . N-l AT . 

ni—+g-l, r N _! = 2_^ni^— + g-l. 

i=i i=i 

Also note that ri + rjv-i — 1 = 2g + EjTij — 3. 

In what follows we consider Hurwitz-Hodge integrals (|2.4I) which arise fromP(l, iV) and P(l, 1, iV). 
We introduce some notations for such integrals. 



(2.5) (T h ---T ln T kl ---T ksm \\ ri ) h g = [_ ^•••^"^•••^A n , 

(2.6) (ti, • • -TUTfe ■ ■■r ks JXl 1 ) h g = [_ ^- --^ kl ■ ■ -^X 2 n 
and 

(2.7) ((T h ---Ti n T hl ---T kSini \\ ri )) h g = 

^ ~M\ ^ tbl " ' ( T 6l ■ • ■ ^M^l ' ' ' T ln T kl ■ ■ ■ T k S . ni \Kl)g, 

M>0 ' bi,-,b M >0 



(2.8) ((r h ---nJ kl -..r ks JX 2 ri )) h g = 

X Mj XI " ' ( T i-i ' ' ' T f<M r ii ' ■ 1 r i» r ti 1 ' ' r fe,,, l^rjj' 

M>0 ' ,& M >0 

The following convention will be used. The symbols 

where only non-stacky insertions occur in * denote integrals over components of the relevant moduli 
spaces which parametrize maps with non-trivial monodromy representations. In the absence of 
cover genus h, the symbols 

denotes integrals over the usual moduli spaces of pointed curves. A similar convention is imposed 
for double bracket notations. 
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3. VlRASORO CONSTRAINTS FOR WEIGHTED PROJECTIVE LINES 

Let X = P(l, N). The Chen-Ruan orbifold cohomology H% R (F(1, N)) has the following natural 
generators: 

1 G H° CR (¥(1, N)), e e H 2 CR (¥(1, AO), 7i e 4L(P(1, AO), for 1 < j < N - 1. 

We will use the following coordinates for the corresponding descendants: 

coordinate descendant 

U,i>0 7i(l) 
^, i > Ti(£) 

a?', i > nl^j) for 1 < j < N - 1. 
Let JF|,' be the degree zero genus <? orbifold Gromov-Witten potential of X. Let 



\9>0 / 



,9>0 

For 1 < i < N - 1 let 

i 

(3.1) M i: =^n a , 

a=0 

where n := 0. This notation is used in Section [3] and 0] 
Theorem 3.1. We have 



r r>0 00 

^ = $:^ i (-i) s ((-2)xj(t) + j> . ^( t ) +E<f( t ) 

x g=0 1=0 h=0 

oo 

+ E E < • • • <~i • 4*1.- ^ (*)) > 



/l=0 fcl,- ,&£„,. >0 



t) = — [l]o«^fe+il Vi»j + EHo*m((r fc+m |A 9 _i)) g + [l]J«-r fc |A s )) g 

m=l 

oo - fc— 2 

X)Ni* m «^Hn-i|A fl )) fl E (-l) m+1 [-™ - l]t((r m |A 9l )) 9l ((r fc _ m _ 2 |A, 2 )) 

m=0 m=0 9=91+92 

oo 

m=l 

oo 

<f (t) = -[i]§«-r fe+ iiA ri »j + EHoU<T fc+ jA n )); 

m=l 
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and 



h 



Z h;ki,- ^{t) = -[^((^l^-i • ■■ T kx m \K 1 ))g + ^H^ m ((%m^ • ••T fcEiB jA ri )) fl 

771=1 

JV-1 Mi 

+ ^ ^ [fy + -k}o(( T ki ■ ■ ■ T k ni _Jk n% _ 1+1 ■ ■ ■ Tk+k, ■ ■ ■ Tknjkn i+1 ' 4 4 T"fc E . n . \Ki))g- 
i=l j=Mi-i+l 

Proof. The Virasoro operator C k , k > is given by 

oo JV-1 



A = -[l]o^ +1 + £ ([™fc^ +m + [m + l] k s m d Sk+m + ^ [m + ^Jo^a^ 

m=0 i=l 
oo ^ 2 

+ 2(-[i]H fc + EHJa^., + 2 £(-i) m+1 [-™ - i]^-^-™-, 

m=0 m=0 

As discussed in the previous section, contributions to Gromov-Witten invariants from components 
of stable map spaces which parametrize maps with non-trivial monodromies (12.11 ) are given as 
Hurwitz-Hodge integrals (I2.4I ). Components which parametrize maps with trivial monodromy 
representation only occurs in case when marked points are all non-stacky. A component that 
parametrizes degree genus g ra-pointed stable maps to P(l, N) with trivial monodromy is isomor- 
phic to a product M. 9in x P(l, N). From IflOll . the obstruction bundle in this case is Tpnjy) K E v , 
where E is the usual Hodge bundle. Contributions from such a component are thus integrals against 
the Euler class 

(-l)MT P(1 ,/v) H E v ) =X g — Cl (P(l, iV))A s _i. 
So the degree zero orbifold Gromov-Witten potential of P(l, N) is 

oo oo oo 

V% = exp((-2) j3(-l)*^ 1 «|A p _ a » p + s m((rm\X g )) 9 ) 

g=l 9=0 m=0 

oo oo oo oo 

£« |A, 1 ))J+£(-l)^- 1 £ £ < • • • (fa ■ • • |A n »j) . 

9=0 h=0 9=0 ft=0 fei,-,fc s .„.>0 

Applying the operator £ fc to Z>^ we obtain the result. □ 

It follows that degree zero Virasoro constraints for P(l, N) are equivalent to the vanishing of 

x k g (t),y k g<l (t),w h J(t) and< fcii ... ife<n< (t). 

Vanishing of (t ). 
Theorem 3.2. Wfe /zave 

(r h ■ ■ •T/jA ri )J = ( ^ + f J(r 2s -i|A ri }g. 
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Proof. The vanishing of w^f(t) gives the vanishing of its Taylor coefficients, 

An explicit calculation shows that -^d th ■ ■ ■ d tln Wgf(0) is the right side of the following 

n 

(3.2) = -(r k+1 r h ■ ■ • rjA n >J + £ ^g^r K • • • r Il+fc • • ■ rjA n >J 

i=l 

The result follows by solving the recursion (13 .2b . □ 

Let Aig : i(B7j N ) be the moduli stack of genus g stable maps to E7L N with one non-stacky marked 
point. The initial values in Theorem 13.21 are integrals over components of Ai gt i(BZ N ) which pa- 
rametrize maps with non-trivial monodromy representations. Those integrals may be computed 
from Hurwitz-Hodge integrals f-^ ^ BZn ^ A ri ^ 29_1 by subtracting contributions from components 
which parametrize maps with trivial monodromy. Such contributions are easily found to be 

iV Jm 8 ,i 

which has been computed in [9J. The answer may be given in generating series as 
Hurwitz-Hodge integrals of the form 

JM g ,i(B1 N ) 

for i > are computed in |fl"5l by means of an ELSV-type formula and exact evaluation of double 
Hurwitz numbers lfl"3"1 . The answer may be given in generating series as 

N hh S " ~ N UW2)J sin ( t/2)- 

Therefore (note that n = g — 1) 

<3 ' 5) Sfr 2 "' < ^- 2+,|Ar ' +i - ,) » = {{^m) " (s^)) 

and the initial values occur in the coefficient of the z term. 
Vanishing of z k h k ^... ^ (t). Now let 

N-l N-l . 



(3.6) Y hg = (r a |A ri )J = /_ V a A n , where a := 2g - 2 + V m - Y] ^=m. 

JM Btl:n .(.BZ N ) i=1 i=1 IX 



Write T g := (r j, ff )i<j<E i n i as a column vector. Let c g := {cj, g )\<j<?, ini be another column 
vector. Let the index i vary from 1 to N — 1 and define a EjTij x E,nj square matrix A = (a st ) by 
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(3.7) 

Alternatively, 



i-st 



jj + a if Mj_i < s = t < Mi ; 
jf if Mj_! < i < Mi and s ^ t 



1 

TV 


1 

TV 
1 

TV 


2 

TV 
2 

TV 


2 

TV 
2 

TV 


TV-1 

TV^l 
TV 


TV-1 

TV^l 
TV 


1 

¥ 
/V 


TV 


2 

2 N 


2 

TV 


TV-1 

TV^l 
TV 


TV-1 

TV^l 
TV 


1 

TV 


1 

TV 


2 

TV 


• ! + « •• 


TV-1 
TV 


TV-1 
TV 


1 

AT 


1 

TV 


2 

TV 


2 

TV 


N -t- o 


TV-1 
TV 


1 

TV 


1 

TV 


2 

TV 


2 

TV 


TV-1 
TV 


TV-1 , 
TV ~T 



It is easy to check that A is nonsingular for a ^ 0. Let A be the matrix obtained from A as follows: 
for an integer j with Mj_! + 1 < j < Mj for some 1 < i < N — 1, the j-th row of A is obtained 
by multiplying the j-th row of A by 



(7v)( 2 4-3 + Ef = ^)! 



(a+^nf^Tv) 



Here(a+^)!:=n: t= o(^ + ^)- 
The linear system 

(3.8) 



A c 6 



has a unique solution which represents c JiS as a linear combination of Tj^s for 1 < j < Turii 



For integers 1 < s < N — 1 and 1 < j < SjTij, we put (kj 



TV' 



If' 



m=0 



TV' 



The vanishing of z^ kl ... kj , n (t) for k > 1 and fci, • • • , ks ini > yields the following theorem. 
Theorem 3.3. We have 

TV-1 M s 



(2g-Z+n+Y, l n i )\{k j + j } ) 



,~ ~ \ft _ (2g-3+n+E, 

\7fci • • -Tk^jh -Ti n \A ri / g — / j / , n 'jin^i 1 n A - 



s=l J=M s _i+l 



M f) _ 1 +l( fe J+]v) 



Proof. The vanishing of ^,fci,-,/« E n 00 gives the vanishing of its Taylor coefficients, 
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An explicit calculation shows that j^d tl ■ ■ ■ d t , z\. k ... k (0) is the right side of the following 
(3.9) 

n 

AT-l Mi 

(fcj+fc+^Q! /- ~ ~ ~ ~~ ~ 

+ (ftj-l+i)!(k+l)! \ rfcl ' ' ' ^Mj-i^M^+l ' ' ' r fcj+fc ' ' ' T k M Jk Mi+1 ■ ■ ■ l~k s . ni Th ■ ■ ■ Tl n \A ri ) g . 

1=1 J=Mi_!+l 



We now solve the recursion (13.91) . The virtual dimension of A^ £ , i „ + i + E i n i (D I) (l, N), 0, x) is 

AT-l AT-l 

vdim = (1 - g){\ - 3) + n + ^ m + 1 - ^ n* — . 

i=i i=i 

If (r fc+ ir fcl ■ ■■Th T .. n .T h ■ ■■Ti n \\ n ) h „ + 1 0, we have vdim = &; + ! + X)?=i + Ya=i h- So 



AT-l n AT-l Mi 

(3.10) 2^-2 + 71+^^ = ^^ + ^ 2 ( k i + w)+ k - 

1=1 1=1 i=l jr'=Mj_i + l 



For an integer r, then there exists a unique integer s such that M s _i + 1 < r < M s , with 
1 < s < iV — 1. Let k = [k\, ■ ■ ■ , k% ini ) and 1 = • • • , /„). Introduce 



(2o-3 + n + £ i 7i i )!(L. + -| 
(3.11) 6(k,l) r :- V y 



We claim that 0(k, l) r is a solution of the recursion (13.91) . To see this, write (13.101) as 

N—l n AT-l Mi 

(3.12) 2<?-2 + n + 2>i = I> + I] 2 + 7?) + + ^ + *)■ 

i=l i=l j=l j=Mi_i+l,j^r 

Multiply both sides of (13.121) by 



(2g - 3 + n + S i ra i )!(/c r + 



N ' 



(k+iy. Uj v- n"=i nja^+ite + W 
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we get 



N i 



(Hi)!n 3 yn«n^ 1+ ife- + 

" {U + k)\ (2g-3 + n + E i n i )\(k r + ^) 

y (k - iy.( k + 1)! /J... ih + k )\... u n^ 1 nJv 1+ i(^- + W 

N— 1 /7 7 i \l A/; 
, + fc + n)- Sr^ (2g-3+n+S t n,)!(fc r +f ) 

^ (kj - 1 + j?)\(k + 1)\ ' . ., n^nf^n-^ 

(£; r + £; + -^)! ( 2g -3+n+£ l n l )K*v+fc+#) 



(Av - 1 + f )!(fc + 1)! n^nf^nfiM^ 

It is straightforward to see that this is the recursion (13.91) . 

Suppose that (r^ ■ ■ ■ Tfc s . n .r«! • ■ ■ TlJ^n)!? is of the form J2 r c r,g©(k, l) r . Then by considering 
special values of k, 1, we find that the coefficients c r 9 are uniquely determined by the linear system 
(ET8T) . The result follows. □ 

The initial values (13.61) in Theorem l3.3l and more generally the following Hurwitz-Hodge integrals 



[ 

J M a>T , ni {BZ N ) 



are computed in [15]. Details can be found there. 

4. VIRASORO CONSTRAINTS FOR WEIGHTED PROJECTIVE PLANES 

Let X = P(l, 1, JV). The Chen-Ruan orbifold cohomology H£ R (P(1, 1, JV)) has the following 
natural generators: 

1 G H° CR (F(1, 1, JV)), £ G i?^(P(l, 1, JV)), [AT] G ^(P(l, 1, JV)), 
7j G if&(P(l, 1, JV)) for 1 < j < JV - 1. 

The following coordinates for the corresponding descendants will be used: 

coordinate descendant 

U, i > 7i(l) 

Si, i > r»(0 

r<, i > ri([^]) 

a- , i > ^(t,-) for 1 < j < JV - 1. 

Let J 7 ^' be the degree zero, genus g orbifold Gromov-Witten potential of X . Let 



\g>0 J 



Let c be the number such that C\(X) = c ■ £. 
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Theorem 4.1. We have 



oo / oo \ 1 oo oo 

^^(-l)" |c| 2 4(t) - J> s^(t) + -w(r,s,t) + £fr ? - 1 (-l) s 5X'f (t) 

g=0 \ Z=0 J ' g=0 h=0 



9=0 /i=0 fci,-,fc S - n ->0 



where 



= " [|]o((Tfe+l|AA-2)) S " £[™ " i]o*m«^+m|AA-2)>fl 

m=0 

fc-1 

+ J](-ir+ 1 ([- m -|]g((r m ))((T fe _ m _ 1 |AA-2)) 9 

m=0 

+ |[— m — |]q ^2 (( r m\^gi^ gi -2)) gi ((Tk-m-l\^g2^g2-2))g2^ 
9=91+32 

oo 

+ [l]1((n\X g X g -l)) 9 + ^ t m [m - iM-nc+m-l\XgXg-l))g 

m=0 

k-2 

+ ^(-l) m+1 [-^ - B((Tm)) ((n- m -2\X 9 X 9 -l)) g , 



m=0 



y g ,i(*) = -[\U{Tk+iTi\\ g \ g -i)) g + J2^ m - \\ltm{{n+ m Ti\\ g \ g -i)) g + [I + |]S<(rjH-i|A ff A fl -i))i 

m=0 

fe-1 

+ ^(-l)^([- m -|]fc((r m )) ((r fe _ m _ 1 ^|A s A g -i)) f 



m=0 

life. 



+ [-m - 2]o(( r mT"i)) ((r fc _ m _i|A 9 A 5 _i))3 ; . 

w(r, s, t) coincides with a similar term in [[TOi], and 

oo 

<f (t) = -[|]^«^+ilA^»J + - ilSMfo+JOJ, 

m=l 



2 

9 

m=l 



N-l Mi 

+ ^ /J + f _ |]o(( r fci ' ' • T k*._ 1 Tkr H _ l+ x ■ ■ ■ T k+k 3 ■ ■ ■ T kn T kn%+1 ■ ■ ■ T ksm \XlJ)g. 

1=1 i=Mi_! + l 
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Proof. The Virasoro operator Ck, k > is given by 

oo 

A = -[f + X) (t m - |]o*«A +m + [m + ±]gs m Sfc+m + [m + \} k r m d rk+m 

m=0 

N-l fc-1 

+ Et m + I - |]o<9 <m ) + hJ2(-l) m+1 {i-m - |]^ rm 5 tfc _ m _ 1+ 

j=l m=0 

N-l 

i=l 

oo 

c ■ + ^[m - \}1t m d Sk+m ^ + [m + §1?^^ 

m=0 

k-2 oo 

+ ^(-lr+^-m - |]^„A_ m _ 2 ) + |c| 2 ■ (-[1]*^ + - \f 2 t m d rk+m _ 2 

m=0 

where c satisfies c\(X) = c£. 

Similar to the one-dimensional case, contributions from components which parametrize maps 
with trivial monodromies need extra care. Such a component in the moduli space of degree genus 
g n-pointed stable maps is a product M. g>n X P(l, 1, N). As in |[T01 the obstruction bundle over 
this component is identified with Tpn^jv) KIE V and contributions from this component are integrals 
against the Euler class 

e(T nixN) M E v ) = -ci(P(l, 1, N))X g X g ^ - Cl (P(l, 1, iV)) 2 A 9 A 5 _ 2 . 
Thus the degree zero orbifold Gromov-Witten potential is: 

^ oo _^ _^ oo 

V° x = exp(- ^r m ((r m )) + - ^ -SiS m ((nT m )) + \c\ 2 ^ ^ _1 ((|A g A s _ 2 )) g 

m=0 l,m g=l 

oo oo oo oo 



- E ^ 9_1 E c • «»<wwi))p + E(- 1 ) 9 ^ 1 E « i^» 

3=1 m=0 9=0 ft=0 



.y 



E(- 1 ) 3 ^ 1 E E < • • • <i <fo • • • n^K)) 

9=0 h=0 fci,-,fc E .„.>0 



2 \\h 
9 T 



So applying the operator £ fc to V\ we obtain the result. □ 

The degree zero Virasoro constraints for P(l, 1, N) is equivalent to the vanishing of x k g (t), y h ;(t), 
w(r, s, t) and w^'f (t) and z^ ki ... ks n (t). As explained in IfTOl , the formula w(r, s, t) is very com- 
plicated. To get formula of Hurwitz-Hodge integrals, it is not necessary to write w(r, s, t) down. 
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Vanishing of u h j (t). 
Theorem 4.2. We have 



( r h ■ ■ -Tl n \>?r x ) h g 



(2g + n-3)!(2g-l)H 2 fc 

(2flr - l)!(2Zi - 1)!! - - - (2Z„ - 



Proof. The vanishing of u h \ (t) gives the vanishing of its Taylor coefficients, 



-^<9 i; ---dt, <f(0) = 0. 

L 2 J o 

An explicit calculation shows that -r^d tli ■ ■ ■ d tln Ug'f(0) is the right side of the following 



12 J 



(4-D = -(r k+1 T h ■ • .7lX>J + J2 pSg!)!! ^ • ' -^+* • • • ^n>S 

8=1 

The result follows by solving the recursion (14.11) . 

Exact evaluations of initial values in Theorem 14.21 seem to be unavailable at the moment. 

Vanishing of z k h ki ... ^ n (t). Let 



□ 



N-l 



N-l 



(4.2) 



3,9 



(TaK) h q = 



IM 



9,S ' 



i=l 



i=l 



^ a A^, where a:=#-l + ^n,-^ -^n,. 



Again write T g := (r^)^^^ as a column vector and let c g := (cj,g)i<j<s ini be another 
column vector. Let the index i vary from 1 to TV — 1 and define a S^nj x E^nj square matrix 

A = (o rt ) by 



2i 
A' 
2i 
iV 



(4.3) a st := 

The matrix can be written as follows: 



a if M;_! < s = t < Mi 



A 



2_ 

N 



2_ 

N 
2_ 

N 

2_ 

N 

2_ 

N 

2_ 

N 



2_ 

N 
2_ 

N 



N 



+ a 

_2_ __ 

N N 

2_ 

N 

2_ 

N 

2_ 

N 



A 
J_ 

A ; 

_4 

A 



+ a 



_4 

A 

J_ 

A 

_4 

N 



if Mi-t < t < Mi and s ^ t . 




4 


2(jV-l) 


2(Af-l) 


N 
4 


JV 
2(N-1) 


, N , 
2(AT-1) 


N 


N 


N 


4 


2(N-l) 


2(N-1) 


N 
4 


N 
2(N-1) 


, N 
2(AT-1) 


AT 


AT 


AT 




2(AT-1) 
Af 


2(AT-1) 
N 


4 
AT 


AT ^ U 


2(JV-1) 
AT 



A" 



2(AT-1) 
Af 



2(A/-1) 



A 



+ a 
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It is easy to check that A is nonsingular for a ^ 0. Let A be the matrix obtained from A as follows: 
for an integer j with Mj_i + 1 < j < Mi for some 1 < % < N — 1, the j-th row of A is obtained 
by multiplying the j-th row of A by 

(0 + 5(£,m-3))!®-|) 



{a + N 2 )! Yii=x ( 7v 2' 



The linear system 
(4.4) A c g = T g 

has a unique solution which represents linear combination of r\, i3 's for 1 < j < T,iTii. 

For integers 1 < s < N - 1 and 1 < j < E^, let (kj + f)! = f • (1 + § ) • • • + f ). 
The vanishing of z£ ■ , (t) for k > 1 and • • • , &£. n . > yields the following result. 

Theorem 4.3. We have 

N-l Ms 

(g+|(n+S i n i -3))!(fc J -l + f ) 



■ ■ ■ r kSin r h ■ ■ ■ r ln \\ 2 ri ) h g = Yl 



L . w i ^ i n,fe-f) ! n^ 1 n^_ 1+1 fe-| + f) ! "' 



Proof. Again we consider the following recursion given by ttWc^ ■ ■ ■ d t , z\. k ... k (0) = 0: 

|_2H) ^ n ' ' ' 



2 \?t 
9 



(4.5) = -(r fc+1 r fcl ■ --t^t^ • ••rjA^J + ^ -^p^i " ' '^njh ' " -^li+fc ' ' -^l A n) 

JV-l Mj 

/ y [i]g 2 ° Vfel ' ' ' 7 "fen i _ 1 ' r fe„._ 1 +i ' ' ' r fcj+fc ' ' ' T k ni T k n . +1 ' ' ' Tk s . n .Tl 1 ■ ■ ■ T« n |A ri ) g . 



L2 J 

i=l i=Mi_i+l 



Virtual dimension constraints for orbifold Gromov-Witten invariants of P(l, 1, N) gives 

^ iV-1 n JV-l Mj 

(4.6) ^+ („+^ ni _2)=5^(z i -i)+x; e 

i=l i=l ' i=l j=Mi-i+l 

So from (14.41 ), (14.51 ) and (14.6b , using the same method as in the proof of Theorem 13 .31 we finish the 
proof. □ 

Again, initial values in Theorem 14.31 remain to be computed explicitly. 

5. Degree zero Virasoro constraints for threefolds 

The Virasoro constraints in degree zero for threefolds do not give anything new: all descen- 
dent invariants are reduced to primary ones by string and dilaton equations. This follows from a 
dimension argument already discussed in Ifl4l . 

Degree zero primary invariants of P(l, 1, 1, N) are closely related to Gromov-Witten invariants 
of [C 3 /Ztv], the stack defined by the weight (1, 1, 1) action of Z N on C 3 . The case N = 3 is of 
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special interest since this action is Calabi-Yau. In this case primary invariants with stacky insertions 
are written as Hurwitz-Hodge integrals 



In genus zero, the generating function of these integrals is computed in 0, 0, . Mathe- 
matical calculations of examples in higher genus are found in J3]|. 
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where ni,n 2 represent m stacky points of type u and n 2 stacky points of type u. 
Some of these integrals have been predicted in physics fl}. For example, 
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